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Abstract
According to the mixture theory and the principle of effective stress, acoustic wave equation of 
three-phased frozen soil was established. Through academic discussion and exponential analysis, it 
is obtained that the wave velocity is influenced by the soil types, ice content and water content, and 
decreases with an increase of water content. In order to validate the correctness of theoretical model 
tested the ultrasonic P-wave velocity of silty clay, silt and sand under the condition of different 
initial water contents and negative temperatures. Result shows that, the change of temperature 
causes the unfrozen water content changed and consequently causes the variation of P-wave 
velocity. P-wave velocity decreases with an increase of unfrozen water content and there is a good 
linear relation between them.
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1 Introduction
As we all know frozen soils widely distribute in the world, and the permafrost covering 22.3% 
of China’s land area (Qiu Guoqing, 2000). As the cold regions develops fast and freezing methods 
widely used in geotechnical engineering, the research on physics mechanics property of frozen soil 
become one of the hotspots (Zhao Shuping, 2002). Ultrasonic testing is one of the most effective 
ways to study the physics mechanics property of frozen soil (Sheng Yu, 2000) (Wang Dayan, 2006).
Biot’s wave theory is the most famous theory in this area, and he had established wave equation 
for porous medium. The calculation results show that there exists three kinds of waves in solid 
skeleton and porous fluid, which are fast longitudinal wave, slow longitudinal wave and shear wave
(Biot M A, 1956). The calculation results of Biot’s model was verified by Plona’s experiment
(Plona T J, 1980). As the extension of Biot theory, Leclaire deduced the acoustic wave equation of 
solid, ice and water. He predicted that there existed three kinds of longitudinal waves and two kinds 
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of shear waves in three-phase media (P. Leclaire, 1995). In China, Xia Tangdai analyzed the 
propagation properties of elastic wave in gas-saturated soil and the influence of gas on elastic wave 
propagation (Xia Tangdai, 2006). Xu Changjie researched the influence of unsaturated soils 
structure and gas content on wave velocity (Xu Changjie, 1998). Zhou Fengxi derived the analytical 
expression of elastic wave propagation velocity and attenuation in saturated frozen soil, and 
analyzed the relationship between wave velocity and ice content, porosity and density (Zhou Fengxi,
2011).
In this article it is considered that frozen soil is three-phase media and consists of particle, ice 
and water, and build acoustic wave equation of frozen soil base on mixture theory and effective 
stress principle. The change rule of wave velocity through analyzing the calculation results and the
results of laboratory test was obtained.
2 Theoretical Method
Basic assumptions:
(1) Frozen soil is consisted of soil particle, ice and water.
(2) Pores in soils particles are connected.
(3) The phase change is an adiabatic process.
(4) The arbitrary element of soil is homogeneous and isotropic.    
So base on the mixture theory, the volume fraction of each component are as follows: 
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Where, n is porosity, rs is saturation of liquid water and  1 r- s is saturation of ice. The
subscripts s, w and i represent soil particle, unfrozen water and ice. sȡ , wȡ ɏனand ɏ୧are its 
density.
It is assumed that three phases are equally stressed in the mixture. The total volume strain is 
equal to the sum of each phase. So the equivalent bulk modulus eE is as follows:
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The density of mixture is as follows:
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So the wave velocity of mixture is as follows (Xu Changjie, 1998)˖
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The calculation of effective stress adopts Bishop’s effective stress formula, as follows:
 , 1' ij w iı = ı+į P P = ȤP + - Ȥ P                                           (5)
Where, 'ı is effective stress, ijį is kroneker functions. P is equivalent pore stress,Pன is pore 
water pressure and iP is pore ice pressure. ɖ is equivalent stress coefficient, and is relate to 
saturation. Ȥ is equal to 1 when the soil become saturated.  
It is assumed that the total volume change of saturated frozen soil is equal to the volume change 
of soil skeleton, water and ice. So the continuous deformation condition is as follows:
s w iİ= İ = İ = İ                           (6)
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Where, İ is the total volume change of saturated frozen soil, sİ is the volume change of soil 
skeleton, wİ is the volume change of water and iİ is the volume change of ice.
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So it is combined the equation (4), (5), (6) and (7) to obtain that˖
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It is can be seen from equation (8) that the wave velocity is influenced by composition of soil 
particle, liquid pore water and pore ice. Because soil particle is certain so the wave velocity is 
actually influenced by the liquid pore water and pore ice.  
3 Calculation Example
This paper analyzes the influence of liquid water and pore ice on the properties of elastic wave 
propagation through the calculation example and experimental results. The values of calculation 
parameters are shown in Tab. 1.
Obtained the relationship curve between wave velocity and the saturation of ice (1 r- s ), which 
is shown in Fig. 1. As we can see from the figure, the wave velocity increases with an increase of 
ice content. As it is known from Tab. 1 that the wave velocity of water is slower than that of ice and 
this lead velocity reach maximum if there is only has ice in frozen soil.
Unit Value
sȡ kg/m 3 2650
wȡ kg/m 3 1000
iȡ kg/m 3 900
n 0.5
sE MPa 500
wc m/s 1473
ic m/s 3988
Tab.1 Properties of the frozen soil
Where, sE is compression modulus, wc is 
the wave velocity of water and ic is the wave 
velocity of ice. 2 2,i i w wE c E cU U  .
        Fig.1 The relationship between wave
              velocity and (1 r- s )
4 Model Test
In next part, it is compared the calculation results to the results of experiment to verify the 
accuracy of calculation model. In order to analyze the content of water or ice in frozen soil on its 
wave velocity design the test of wave velocity of frozen soil under the condition of different 
temperatures and unfrozen water contents.
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4.1 Testing Instrument 
(1) The acoustic tests used the RSM-SY5(T) nonmetal ultrasonic test meter which was 
composed of ultrasonic test meter, wire, transmitting and receiving transducers. The frequency of 
P-wave transducer was 50kHz.
(2) Thermostat was adopted in the experiment, the temperature control ranged IURPíć to 
40ć and the precision reached 0.02ć.
(3) As is shown in Fig. 2, designed a bracket for ultrasonic transducer which could fix the 
transducer and specimen in horizontal direction. 
Fig.2 The bracket for ultrasonic transducer
4.2 Specimen Preparation  
(1) Tested Soils
In the test, we chose three typical soils to analysis: silty clay, silt and sand. The soils have been 
dried, crushed down and sifted. The liquid limit of silty clay is 23%, the plastic limit is 12.9% and 
its plastic index is 10.1. The liquid limit of silt is 24%, the plastic limit is 15.6% and its plastic 
index is 8.4. Their grain size distribution curves are shown in Fig. 3:
Fig.3 Grain size distribution of tested soils         Fig.4  Relationship between unfrozen water content
                                                                           and temperature of different soils
Soil Types Water Content(%)
Silty Clay 10.32 14.36 16.03 18.29 19.71
Silt 10.87 15.56 17.44 19.87 22.55
Sand 9.76 12.40 14.05 16.39 18.68
Tab.2 Initial water content of specimens
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(2) Specimen Preparation 
The initial water content of specimens are shown in Tab. 2, add certain distilled water to the soil 
sample, and put it into a sealed container for up to 12 hours to make the water content evenly in 
soils. After that the test specimen was been made based on standard, its diameter was 61.8mm and 
length was 125mm. The specimens were placed into a copper jacket, and then placed into a 
freezing cabinet at a temperature lower than -20ć. The copper jacket was removed after freezing 
for 24 hours. The size and weight of the frozen specimen was then re-measured due to deformation 
when freezing. The specimen was wrapped with black rubber to reduce water loss.
(3) Testing Method 
Petroleum jelly is applied as couplant on the end surface of the specimen. The specimen is 
placed on the bracket which could exert axial stress by bolt, and this increases coupling between 
ultrasonic probe and the specimen. The test process begins after the bracket is placed into the 
thermostat. The precision of temperature control reached ±0.02ć, and temperature changes in this 
order: -1, -3, -5, -7, -10, -15 and -20ć. After adjusted the temperature of the thermostat to a 
specific equilibrium temperature, the temperature become stable after about 24 hours, and the wave 
velocity is measured at that moment.   
5 Test Results and Analysis 
5.1 Unfrozen Water Content of Frozen Soil 
The relationship between unfrozen water content and temperature is shown in Fig. 4, and the 
unfrozen water content was obtained by NMR (nuclear magnetic resonance) method. As we can see 
from Fig. 4 the curves of these three soils are different, the unfrozen water content is influenced by 
grain size, composition and pore size. At certain negative temperature the unfrozen water content of 
frozen silty clay is higher than that of silt, the unfrozen water content of frozen silt is higher than 
that of sand. The unfrozen water content is increase with the decrease of grain size. This is because 
with the decrease of grain size the surface area will increase, and will increase the ability of holding 
unfrozen water. There is a dynamic balance between unfrozen water content and negative
temperature, that is (Xu Xiaozu, 2010):
b
uW = aT
                (9)
Where, uW is unfrozen water content, T is the absolute value of negative temperature. a and b
is empiric constants which are relate to soil types.
5.2 Relationship between P-Wave Velocity and Temperature of 
Frozen Soils
As we can know from the above analysis, the wave velocity is influenced by ice content and 
unfrozen water content, in return the change of wave velocity can reflect the basic properties of 
material. So we tested the wave velocities of frozen soils under different temperatures, and 
analyzed the relationship between wave velocity and unfrozen water content and ice content.
As we can see from Fig.5 to Fig.7, the wave velocity changes rapidly in the temperature range 
of -1ć to -10ć, it increases with a decrease of temperature. As it is shown in Fig.4, a lot of 
unfrozen water in soils was rapidly decreased with the descending temperature in the range of -1ć
to -10ć, and consequently the ice content in the soil increased. As a result the cohesive strength of 
frozen soil increases and the attenuation of wave decrease (Rose Joseph L, 2004). So the wave 
velocity of frozen soil increases rapidly with descending temperature when temperature below -1ć.
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But when temperature reaches -10ć, with descending temperature the unfrozen water content 
changes little, so the wave velocity increases little. After temperature reaches -15ć the unfrozen 
water content become stable so the wave velocity increases a little.  
There are two reasons lead wave velocity increase, the first reason is that a part of water frozen 
into ice and the wave velocity of ice is faster than that of water, the second reason is that the 
adhesive of ice make the soil more compact and the attenuation of wave through the frozen soil will 
decrease.
Fig.5  Relationship between P-wave velocity 
and temperature of silty clay
Fig.6  Relationship between P-wave velocity 
and temperature of silt
Fig.7  Relationship between P-wave velocity and temperature of sand
As we can see from Fig.5 and Fig.6, the P-wave velocity of frozen silty clay and silt have a big 
change, and its variation is similar to the change of unfrozen water content with temperature. The
wave velocity increasing reason is that the surface area of them is big and has a strong ability to 
hold water. So with the descending temperature a large amount of unfrozen water change into ice, 
the ice makes soil more stronger and has the advantage of the propagation of wave. While the first 
reason mentioned above leads the frozen sand wave velocity increase. The sand grain is large and 
contact with it other by the ability of gravity. The surface area is small and has weak ability to hold 
water, so the compact level of frozen sand increase little, and the change of water to ice is the main 
reason to lead the wave velocity increase. It is can be seen from Fig.4, the unfrozen water content of 
sand is small, and also the change of it with temperature is little. So the change of wave velocity of 
frozen sand is similar to its unfrozen water content change with temperature. 
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5.3 Relationship between P-Wave Velocity and Unfrozen Water 
Content of Frozen Soils
The wave velocity of particle is a constant and is not affected by temperature. But with 
temperature descending the ice content will increase, the skeleton particle become stronger and will 
lead the wave velocity increase. As we can know from the above analysis the influence of 
temperature on wave velocity is through by influencing the unfrozen water content in frozen soil. 
So we can build the relationship between P-wave velocity and unfrozen water content through 
using the experimental datum. The relationships between P-wave velocity and unfrozen water 
content are shown in Fig.8, Fig.9 and Fig.10, and we can see from the figure there is a good linear 
relation between them. So the ultrasonic inspection technique can be used to test unfrozen water 
content through the relationship between wave velocity and unfrozen water content.
Base on the analysis of experimental datum, with the increasing of unfrozen water content the 
P-wave velocity of frozen soil will decrease linearly. The relationship between them can be 
described as following equation: 
u PW = AV B                         (10)
Where, uW is unfrozen water content, PV is P-wave velocity and A 㸪 B are empirical 
constants which are relate to soil types. A and B are shown in Tab.3.
Fig.8  Relationship between P-wave velocity 
and unfrozen water content of silty clay
Fig.9  Relationship between P-wave velocity 
and unfrozen water content of silt
Fig.10 Relationship between P-wave velocity 
and unfrozen water content of sand
Soil
Types
Water
Content (%)
A B R2
Silty
Clay
14.36 -6.175 15.083 0.973
18.29 -8.869 23.63 0.976
Silt
14.56 -3.775 9.391 0.954
19.87 -8.983 24.295 0.875
Sand
14.05 -5.439 14.883 0.991
18.68 -4.159 12.246 0.696
Tab.3 Values of the parameters of A and B in 
Eq.(10)
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6 Conclusions 
(1) According to the mixture theory and the principle of effective stress, acoustic wave 
equation of three-phased frozen soil was established, and obtained that the wave velocity increases 
with an increase of ice content. 
(2) The influence of temperature on wave velocity is through changing the unfrozen water 
content in frozen soil. With the descending of temperature, the ice content increases and so is wave 
velocity.  
(3) The change rules of wave velocity of frozen soil with unfrozen water content can be 
described by equation(10).
(4) The ultrasonic inspection technique can be used to test unfrozen water content through the 
relationship between wave velocity and unfrozen water content.
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